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Extrinsic curvature and the Einstein constraints
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Department of Physics, Cornell University, Ithaca, New York 14853
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The Einstein initial-value equations in the extrinsic curvature~Hamiltonian! representation and conformal
thin sandwich~Lagrangian! representation are brought into complete conformity by the use of a decomposition
of symmetric tensors which involves a weight function. In stationary spacetimes, there is a natural choice of the
weight function such that the transverse traceless part of the extrinsic curvature~or canonical momentum!
vanishes.
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I. INTRODUCTION

In this paper we introduce a new decomposition of sy
metric tensors and apply it to the construction of extrin
curvature in the initial-value equations of general relativ
Our results improve previous work that dealt with extrins
curvature @1,2#. The new findings are consistent with th
conformal thin sandwich equations, which involve no ten
decompositions@3#.

The thin sandwich and extrinsic curvature formulatio
differ in whether the velocity or the momentum associa
with the conformal spatial metric is specified. The cor
sponding Lagrangian and Hamiltonian pictures of dynam
must certainly agree, and we find a clear and explicit form
such agreement in our analysis. This would not occur w
out the presence of a weight function, which must be
lapse function, in the new decomposition.

The presence of the lapse function is also crucial for
other result of this decomposition: For stationary spacetim
there is a natural way to choose the lapse function wh
results in avanishingtransverse traceless part of the extrin
curvature.

Finally, we extend the conformal thin sandwich equatio
by giving the velocityṫ of the mean curvaturet5Tr K in
order to determine the lapse function.

II. NEW TENSOR SPLITTINGS

We will define and apply a new class of covariant deco
positions of the extrinsic curvature1 of a three-dimensiona
hypersurfaceM. It should be noted that they apply toany
symmetric (0

2) or (2
0) tensor forany dimensionm>3. Gen-

eralization tom.3 is straightforward~the casem52 is spe-
cial!. The decompositions use the geometry ofM, that is,
the metricḡi j and the derivative¹̄, together with a positive
scalar functions̄ to be specified later.

Given (M,ḡ), we first remove the trace of the extrins
curvatureK̄ i j :

1We give a general definition of extrinsic curvature in the app
dix, which also details our conventions. See in particular Eqs.~A10!
and ~A18!.
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K̄ i j 5Āi j 1
1

3
tḡi j ~2.1!

whereĀi j is traceless andt5 t̄5ḡi j K̄
i j is the trace ofK̄ i j ,

called the ‘‘mean curvature.’’ Note that here, and in the
quel, overbars are used to distinguish spatial tensors f
their conformally transformed counterparts. For examp
ḡi j 5w4gi j , w.0, whereḡ and g are both spatial metrics
Quantities with overbars have physical values.

The next step is to decompose the traceless symm
tensor Āi j covariantly. Like previous studies, for examp
@4–6#, we attempt to find a covariantly defined divergenc
free part ofĀi j with zero trace. We want to stress that th
so-called ‘‘transverse-traceless’’~TT! part of K̄ i j ~or Āi j ) is
not unique. There are infinitely many mathematically wel
defined ways to extract such a piece of the original ten
for example by varying the choice of a weight function@see
Eq. ~2.2! below#. However, it is possible that by imposin
geometrical or physical requirements, we can make the TT
part and the other parts unique.

We write Āi j as a sum of a TT part and a weighted lo
gitudinal ~vector! traceless part as follows:

Āi j 5ĀTT
i j 1s̄21~ L̄Y! i j ~2.2!

where the inverse weight functions̄ is a uniformly positive
and bounded scalar onM: 0,e<s̄,`, e5const. We de-
fine @4–6#

~ L̄Y! i j 5¹̄ iYj1¹̄ jYi2
2

3
ḡi j ¹̄kY

k, ~2.3!

which is proportional to the Lie derivative with respect toYi

of a unimodular inverse metric conformally related toḡi j ;
thus, take the Lie derivative of@det(ḡkl)#1/3ḡi j . Expression
~2.3! is zero forYiÞ0 if and only ifYi is a conformal Killing
vector of the metric, if such a symmetry exists. This a
suggests that if we make a conformal transformationḡi j

→w24ḡi j 5gi j , w.0, then Yi will not be conformally
scaled:Yi→Yi . We will adopt this scaling rule below; be
cause of its simplicity, we omit overbars on vectors likeYi .

The decomposition is effected by solving forYi in

-
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¹̄j@s̄21~ L̄Y! i j #5¹̄j Ā
i j ~2.4!

and then setting

ĀTT
i j [Āi j 2s̄21~ L̄Y(solution)!

i j , ~2.5!

where the givens̄ and the solution forYi are inserted.
The operator on the left side of Eq.~2.4!, (D̄L,s̄Y) i , is

similar to the vector Laplacian (D̄LX) i[¹̄j (L̄Y) i j , which is
solvable on compact manifolds and on asymptotically
manifolds, given certain asymptotic conditions. The con
tions needed are not onerous. Inserting the weight fa
leaves the operator in ‘‘divergence form,’’ and does not aff
the formal self-adjointness of the weighted vector Laplaci
The calculation of self-adjointness is carried out in the na

ral measurem ḡ5Aḡ d3x. On the other hand, the two piece
of Āi j in Eq. ~2.2! are formally orthogonal in the positiv

measurem̄ ḡ,s̄5s̄Aḡ d3x5s̄ m ḡ .
Note that Eq.~2.4! must be supplemented withboundary

conditions in the case whereM is not compact without
boundary and that the solution of Eq.~2.4! and ĀTT

i j will
depend on these boundary conditions@7#. This caveat abou
boundary conditions is very serious in practice, where th
may be excised regions ofM, and whereM may have no
asymptotic region, though it models a space with Euclide
asymptotic conditions. There is no uniqueness with
boundary conditions.

The conformal properties of the new splittings assign
here are very important for application to the Einstein co
straints, but they are also very interesting in themselves.

We take

ĀTT
i j 5w210ATT

i j , ~2.6!

Ȳi5Yi , ~2.7!

s̄5w6s. ~2.8!

Transformations~2.6! and ~2.7! should be familiar. We
adopted Eq.~2.8! to obtain correct divergence relations in th
sequel. It also maintains the correct transformations when
set s̄52N̄ ands52N in Sec. IV below.

Next we useḡi j 5w4gi j with its concomitant transforma
tion rule

Ḡ jk
i 5G jk

i 12w21~d j
i ]kw1dk

i ] jw2gjkgil ] lw! ~2.9!

for the Christoffel symbols ofḡi j and gi j . If we were to
consider a general symmetric tensorT̄i j in three dimensions
with ḡi j 5w4gi j , thenT̄i j 5wxTi j yields

¹̄j T̄
i j 5wx@~¹jT

i j !1~x110!~] j logw!Ti j 22~] j logw!

3~gi j gklT
kl!#. ~2.10!

This shows why we choosex5210 in Eq.~2.6!, as well as
the zero trace,gi j ĀTT

i j 50.
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From Eqs. ~2.6!–~2.10!, we find, besides ¹̄j ĀTT
i j

5w210¹jATT
i j 50,

~ L̄Y! i j 5w24~LY! i j , ~2.11!

s̄21~ L̄Y! i j 5w210@s21~LY! i j #.
~2.12!

Therefore,

Āi j 5ĀTT
i j 1s̄21~ L̄Y! i j 5w210@ATT

i j 1s21~LY! i j #5w210Ai j ,

~2.13!

so that the decomposition~2.2! is preserved under conforma
transformations. The scalingĀi j 5w210Ai j is not postulated,
but follows from Eqs.~2.6!–~2.8!. Furthermore,

K̄ i j 5w210@ATT
i j 1s21~LY! i j #1

1

3
w24gi j t. ~2.14!

We note that the conformal quantitiesATT
i j and s21(LY) i j

are orthogonal in the rescaled measuresAg d3x5smg
5mg,s .

III. EINSTEIN CONSTRAINTS

The extrinsic curvatureK̄ i j is uniquely related to the ca
nonical momentum

p̄ i j 5~const!ḡ1/2~tḡi j 2K̄ i j !. ~3.1!

Therefore the present study is devoted to a construction
quantities belonging to the canonical or Hamiltonian pictu
of dynamics, while the conformal thin sandwich equatio
@3# belong to the velocity phase space or Lagrangian pictu
It is essential to understand the constraints inboth pictures,
and the pictures must be geometrically and physically c
sistent.

Elaboration of the constraints in vacuum

¹̄j~tḡi j 2K̄ i j !50, ~3.2!

K̄ i j K̄
i j 2t22R̄50, ~3.3!

where R̄ is the ‘‘scalar curvature’’ or ‘‘trace of the Ricc
tensor’’ of (M,ḡ,¹̄), is facilitated by displaying them as

¹̄j Ā
i j 5

2

3
ḡi j ] jt, ~3.4!

Āi j Ā
i j 2

2

3
t22R̄50. ~3.5!

The form ~3.4! and ~3.5! of the constraints is the better on
for beginning formulating the constraints in the thin san
wich decomposition or in the extrinsic curvature form.

It has been pointed out@1,8# that the standard transvers
traceless tensor decomposition@5,6#,

T̄i j 2
1

3
ḡi j ~ ḡklT̄

kl!5T̄TT
i j 1~ L̄V! i j ~3.6!
2-2
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has the property that extracting the TT part of a symme
tensor does not commute with conformal transformatio
Specifically, Eqs.~3.6!, which is simply Eqs.~2.1! and ~2.2!
with the weights̄21 entirely ignored, produces parts whic
transform as Eqs.~2.6! and~2.11! under conformal transfor
mations. The two parts, therefore, do not transform alike

The fact that Eqs.~2.6! and ~2.11! behave differently un-
der conformal transformations leads to two inequival
methods of decomposingĀi j . What Isenberg@9# has called
‘‘Method A’’ is first to transformĀi j conformally, then split it
with s and s̄ ignored, then transform the unbarred vec
part with the ‘‘wrong’’ transformation~usingw210 instead of
w24 so as to scale its divergence!. This is discussed in@1#.
‘‘Method B’’ is, in effect, to split Āi j first, then transform
conformally to obtain a slightly different, and more difficu
form of the constraints@2#. The existence oftwo methods of
dealing with the extrinsic curvature using the old tensor sp
ting suggests that neither is the optimal method. The met
introduced here has no such ambiguity and can be rega
as the resolution~in the conformal framework! of the initial
value problem in the extrinsic curvature representation.

We apply the splitting~2.2! to the vector constraint~3.4!.
After the conformal transformations, we obtain

¹j@s21~LB! i j #5
2

3
w6¹ it, ~3.7!

where we used

Ai j 5ATT
i j 1s21~LB! i j . ~3.8!

Equation~3.7! is the momentum constraint. We will see th
it will determineBi onces is chosen. The termATT

i j disap-
pears from the vector constraint. It is ‘‘freely specifiabl
and can be determined by extracting the TT part of so
traceless symmetric tensorCi j :

ATT
i j 5Ci j 2s21~LV! i j , ~3.9!

whereCi j is freely given, as iss.0, andVi is then deter-
mined by solving an equation similar to Eq.~2.4!. In this step
boundary conditions must be applied whenM has bound-
aries, which will influenceVi andATT

i j .
Thus Ci j supplies a ‘‘source’’ in the vector constrain

~3.4!, which, if we define@10,11#

Xi5Bi2Vi , ~3.10!

becomes~in vacuum!

¹j@s21~LX! i j #5
2

3
w6¹ it2¹jC

i j . ~3.11!

From its solution we can construct

Ai j 5Ci j 1s21~LX! i j ~3.12!

5ATT
i j 1s21~LB! i j . ~3.13!
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Next, recall thatḡi j 5w4gi j implies @12#

R̄5Rw2428w25Dw, ~3.14!

whereR is the scalar curvature ofgi j . Equation~3.14! en-
ables us to rewrite the scalar constraint~3.5! in transformed
variables as

Dw2
1

8
Rw52

1

8
Ai j A

i j w271
1

12
t2w5. ~3.15!

@We also used Eq.~2.13!, which impliesĀi j 5w22Ai j .]

IV. THE WEIGHT FUNCTION
AND THE LAPSE FUNCTION

The extrinsic curvature formulation of the initial valu
problem uses, in essence, the canonical variables. Fur
more, it depends only on the embedding~encoded byK̄ i j ) of
the hypersurface (M,ḡ) into the four-dimensional spacetim
(V,g). It does not depend on the foliation or the time vec
]/]t, that is, lapseN̄ and shiftb i . ~This is well known but
can still be a source of confusion. Therefore, we review
second fundamental form and the extrinsic curvature in
Appendix.! Such a statement cannot be made in the t
sandwich formulation, where one is interested precisely
the extension along curves tangent to]/]t.

Since the establishment of the canonical form of the
tion by Arnowitt, Deser, and Misner~ADM ! @13#, the shiftb i

has been taken to be the undetermined multiplier of the m
mentum~vector! constraint, while the lapse has been taken
be the undetermined multiplier of the Hamiltonian~scalar!
constraint. However, it has come to light that the lapse a
multiplier must be replaced by thelapse antidensitya, a
scalar of weight (21) @14–17#. This replacement is require
in order that the canonical framework as a whole for E
steinian gravity makes complete sense, that is, that it wo
in the same way as for other physical systems that can
derived from an action principle. For technical details, s
@17,18#. We are requiring essentially just that the ‘‘Hami
tonian vector field’’ be defined without reference to the co
straints in the whole phase space ofg’s andp ’s.

That a andb i are undetermined multipliers of the vecto
and scalar constraints means that they are both conform
invariant: ā5a and b̄ i5b i . But the invariance ofa has
very interesting consequences.When the scalar constraint is
satisfied, then upon examination of the ADM action, we s
that a5N̄ḡ21/2. Hence,ā5a implies that

N̄5w6N ~4.1!

becauseḡ1/25w6g1/2. Thus, the physical lapse is not qui
arbitrary for our purpose of solving the constraints. We ha
a ‘‘trial’’ lapse N and a final physical lapseN̄ that will be
determined byN and the solutionw of the scalar constraint

Recall, that in studies of hyperbolic forms of the Einste
evolution equations withphysicalcharacteristic speeds, it i
also found thata, not N̄ is arbitrary~see, e.g.,@19,20#!.
2-3
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From Eq.~4.1! we observe thatN̄ andN are related just as
were s̄ ands. Thus we have a natural geometrical choic

s̄52N̄, s52N. ~4.2!

The factors ‘‘2’’ are chosen for later convenience. As con
quence of Eqs.~4.2!, N̄ appears inĀi j andK̄ i j . Before, how-
ever, we have noted thatK̄ i j is independent ofN̄. But our use
of N̄ only determines thesplitting of K̄ i j , not K̄ i j itself.

Let us examine the consequences of the choices~4.2!.
Constraints~3.11! and ~3.15! become

¹j@~2N!21~LX! i j #5
2

3
w6¹ it2¹jC

i j , ~4.3!

Dw2
1

8
Rw5

1

12
t2w52

1

8
Ai j A

i j w27, ~4.4!

whereAi j is given by Eq.~3.12! with (2N) replacings.
Of course,N itself is yet to be chosen. But we have se

eral remarkable automatic consequences of solving E
~4.3! and ~4.4! for Xi and w, given a uniformly positiveN
and supposingw is also uniformly positive.

~1! We have from Eq.~4.2! and the conformal transforma
tion rules, that

Ai j 5ATT
i j 1~2N!21~LB! i j ~4.5!

implies

Āi j 5ĀTT
i j 1~2N̄!21~ L̄B! i j . ~4.6!

The consequence is thatĀTT
i j and (L̄B) i j are now orthogona

in the measurem ḡ,N̄5N̄ḡ1/2d3x5A2gd3x, whereg is the
determinant of the physicalspacetimemetric. This is the
spacetime measure~apart from ‘‘dt’’ !, and soorthogonality
is determined by the spacetime geometry ofM, including
the lapse function, embedded inV. This result is independen
of the method of determination ofN.

~2! Whatever the result forw, Xi , and N̄5w6N, we can
show consistency of the results with the conformal thin sa
wich equations@3#. Consider the traceless metric velocity

ūi j 5] tḡi j 2
1

3
ḡi j ḡ

kl] tḡkl. ~4.7!

Using the evolution equation~A18!, as well as Eq.~4.6!, we
find

ūi j 522N̄@ĀTT
i j 1~2N̄!21~ L̄B! i j #1~ L̄b! i j , ~4.8!
04402
-

s.

-

where b i is the shift, which, like the lapse antidensitya
5Ng21/2 can be freely chosen. The shiftvector is confor-
mally invariant. Therefore,

ūi j 52~2Nw6!~w210ATT
i j !2w24@L~B2b!# i j ~4.9!

52w24
„2NATT

i j 1@L~B2b!# i j
… ~4.10!

52w24
„2NCi j 1@L~B2V2b!# i j

….
~4.11!

We see that three vectors enterūi j : b i , a gauge choice,Vi ,
which removes the longitudinal piece ofCi j , andBi , which
solves the vector constraint. Let us setBj2Vj2b j5Zj . By
the choice of shiftb j5Bj2Vj , we could renderZj50. Then
ūi j 52w24(2NCi j ) and ūi j 52w4(2NCi j ). Furthermore,
with the choiceb i5Bj2Vj5Xj , the constraints~3.11! and
~3.15! are identical to the constraint equations in the confo
mal thin sandwich formalism@Eqs. ~14! and ~15! of @3##,
provided one identifies22NCi j with the conformal metric
velocity ui j .

~3! With a(x,t) given, and N̄ determined by a

[ḡ21/2N̄, we find thatN̄ always obeys a generalized ha
monic evolution,

]̂0N̄1N̄2t5N̄]̂0loga, ~4.12!

where]̂05] t2Lb .
The identifications52N still leaves us with the question

of how to choose a trial lapse function in a reasonable w
In principle, any choice will do and we will know the geo
metric meaning ofN̄5w6N.

The choiceN51, for example, is allowed in the extrinsi
curvature representation. Indeed,N51 would then give back
method A, but now that the behavior of the lapse function
understood, it gives a correct] tgi j . It also tells usN̄5w6

5(ḡ/g)1/2. Another choice ofN is discussed in Sec. VI be
low.

In picking the ‘‘true degrees of freedom,’’ that is, the co
formal class of the metric andK̄ i j

TT , and the mean curvatur

t, the lapse intervenes in pinpointingK̄ i j
TT . There are infi-

nitely many choices other thanN51. This feature did not
arise in previous studies of the extrinsic curvature pictu
but, on the other hand, those pictures do not in general fit
purely geometric construction of the conformal thin san
wich equations. In curved spacetime, the dynamical deg
of freedom in the Hamiltonian picture do not allow them
selves to be identified without the foliation being inextric
bly involved. Another consequence is that time is not fou
among the traditional canonical variables alone, even in g
eral relativity.

V. STATIONARY SPACETIMES

Consider a stationary solution of Einstein’s equations w
timelike Killing vector t. Given a spacelike hypersurfaceS,
there is a preferred gauge such that the time vector of
evolution on S coincides with t, namely N̄52^n,t&g , b
5't, where n is the unit normal toS, and ' is the
2-4
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projection operator intoS, ^',n&g50. With this choice of

lapse and shift,ḡi j and K̄ i j will be independent of time.
Using ] tḡi j 50 in Eq. ~A17! yields

K̄ i j 5
1

2N̄
~¹̄i b̄ j1¹̄j b̄ i !, ~5.1!

with b̄ i5ḡi j b
j . The tracefree part of this equation implies

Āi j 5
1

2N̄
~ L̄b! i j . ~5.2!

Therefore,with the appropriate weight factors̄52N̄ as con-
structed above, the extrinsic curvature~2.2! has no trans-
verse traceless piecefor any spacelike slice in any spacetim
with a timelike Killing vector.2 A transverse-traceless decom
position of Āi j without the weight factor, however, will in
general lead to a nonzero transverse traceless piece. This
previously a puzzle. The TT part is generally identified w
the dynamical degrees of freedom. Therefore the radia
aspect of a stationary~or static! spacetime should be man
festly zero on a natural slicing associated with the timel
Killing vector. The absence of this property for stationa
nonstatic, spacetimes with previous decompositions wa
serious weakness.

These considerations provide an independent argum
for the introduction of the weight function in Eq.~2.2!, and
the identification ofs̄ with the lapse function in Eq.~4.2!.

VI. A GEOMETRICAL CHOICE OF N AND N̄:
THE CONFORMAL THIN SANDWICH VIEWPOINT

Theconformal thin sandwich equations@3# specify freely
~1! a conformal metricgi j and its velocity] tgi j 5ġi j , and~2!

the mean curvaturet. The lapseN̄ is w6N with N still adrift.
But there is a definitive solution for fixingN: The mean
curvature has become a configuration variable, for whic
value and a velocity need to be specified; as one must spe
gi j and its velocity ġi j , by analogy one can give the mea
curvaturet and its velocity] tt5 ṫ. This will determine both
N and N̄.

The specification

~gi j ,ġi j ;t,ṫ ! ~6.1!

has the samenumberof variables as the conventional choic

~ ḡi j ,ġ̄i j !5~gi j ,ġi j ;ḡ1/2,ġ̄1/2!. ~6.2!

Furthermoreḡ1/2 andt arecanonically conjugate~apart from
an irrelevant constant!, so that Eqs.~6.1! and ~6.2! are as

2A similar argument is applicable in the ergosphere of a K
black hole; however, one must be more careful with the choice oS
relative tot.
04402
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close and as symmetric to each other as possible. Howe
the conventional specification~6.2! fails @21# while the con-
formal one~6.1! does not fail.

Thus, in the conformal thin sandwich problem, we al
give

f @b;t,x#5 ]̂0t5] tt2b i] it ~6.3!

52D̄N̄1~R̄1t2!N̄ ~6.4!

which is an Einstein equation onM, conventionally re-
garded as an equation for] t

2ḡ1/2. „Note that] tḡ
1/2;t is not

a constraint; it is an identity, part of the definition of extrins
curvature@cf. Eq. ~A18!#.… We are turning the equation o
motion for ḡ1/2 into a constraint. This is an old ‘‘trick;’’t
5 ṫ50 is maximal slicing@12#, whereast and ṫ constant in
space~but allowing changes in time! is constant mean cur
vature slicing@22#. Also, ṫ50 is used during construction o
quasiequilibrium initial data~see e.g.@23–25# and references
in @11#!. However, now it is clear that specification ofṫ is
fundamentally linked to the initial value problem.

We saw in the previous section that the choice of slic
(N̄, the passing of time! enters into theconstructionof the
(ḡi j ,K̄ i j ) representation. In addition, this ‘‘Hamiltonian
representation is consistent with the ‘‘Lagrangian’’ confo
mal thin sandwich picture. Hence we can adopt Eq.~6.4! for
the (ḡi j ,K̄ i j ) representation as well. In other representatio
of the extrinsic curvature in this problem~methods A and B!,
there is noN̄; and the construction has nothing to say abo
the passage of time. One does not move forward in ti
without an extra equation to giveN̄. Recalldt (prop)/dt5N̄,
wheret (prop) is a local Cauchy observer’s proper time andt
is the coordinate time.

Using the scalar constraint~3.3! in Eq. ~6.4! yields @see
e.g. Eq.~98! of @1##

f @b;t,x#52D̄N̄1K̄ i j K̄
i j N̄52D̄N̄1S Āi j Ā

i j 1
1

3
t2D N̄.

~6.5!

Conformal transformation of the Laplacian is carried out
expressing it as

D̄~• !5ḡ21/2] i@ ḡ1/2ḡi j ] j~• !#. ~6.6!

Preliminarily, we find

f @b;t,x#52w24D~Nw6!22w25~¹iw!@¹ i~Nw6!#

1S Ai j A
i j w2121

1

3
t2D ~Nw6!. ~6.7!

To proceed, we use the scalar constraint in conformal fo
Eq. ~3.15!, to eliminateDw and find

r

2-5



e
m
s

n
p-

th

v

on
o
a

f

b
ro

en

b
-

lp
oo
u
c
io
8

a

z-

n
o

r a
-
ga-

sup-

of

d
t

H. P. PFEIFFER AND J. W. YORK, JR. PHYSICAL REVIEW D67, 044022 ~2003!
DN2F7

4
Ai j A

i j w282
1

6
t2w42

3

4
R242~¹i logw!2GN

114~¹iN!~¹ i logw!1w22~] tt2b i] it!50, ~6.8!

wheret(t,x) is given.
Equation~6.8! is a fifth elliptic equation, coupled to th

others, that is required for the completeness of the confor
thin sandwich equations and is also natural in the extrin
curvature representation given here.

@Though the four conventional thin sandwich equatio
do not work, it is interesting that in the Baierlein-Shar
Wheeler ~BSW! treatment@26#, there is an implicit fifth
equation. Differentiation of the second order equation for
shift, with a given lapse, produces a first order,not a third
order, equation: an integrability condition. This was disco
ered by Pereira@27#.#

VII. CONCLUSION

By a simple tensor decomposition, one can bring the c
straint equations in the extrinsic curvature form into ge
metrical and mathematical conformity with the conform
thin sandwich equations whenN is arbitrary in both sets o
equations. This statement remains true ifN is fixed by the
same method in both formulations.

The conformal thin sandwich equations withṫ fixed form
an elliptic system whose general properties remain to
studied. We expect that it is a solvable, solid, system p
vided thatt and ṫ do not vary wildly.

A natural choice ofN̄ in stationary spacetimes has be
seen to render the transverse traceless part ofK̄ i j zero. The
most striking result of the present analysis is the inextrica
relation of time, represented byN̄ or ṫ, and space, repre
sented by the four constraint equations.
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APPENDIX: SECOND FUNDAMENTAL FORM
AND EXTRINSIC CURVATURE

Let M be an m-dimensional surface embedded in
d-dimensional ambient spaceV ~we do not assume thatd
5m11). Let V be endowed with a Riemannian or Lorent
ian metric g and corresponding Levi-Civita connectionD,
while M inherits a Riemannian metricg and connection¹.

Let X andY be vectors inV that are tangent toM. The
first fundamental form ofM for X andY is g(X,Y), while
the second fundamental form ofM with respect toX andY
is the vector@28#
04402
al
ic

s

e

-

-
-
l

e
-

le

-
k
n-
-
n
2

h~X,Y![¹XY2DXY. ~A1!

The purpose of the second fundamental formis to discrimi-
nate between parallel transport of a vectorY along the direc-
tion of a vectorX in the (V,g,D) connection and in the
(M,g,¹) connection, when bothX andY are tangent toM.
This is defined without reference to surfaces nearM or a
foliation. It tells us from the viewpoint ofV, whether, say,
the geodesics ofM also appear ‘‘straight’’ inV.

Zero torsion in the Levi-Civita connectionsD and¹ im-
plies

h~X,Y!5h~Y,X!. ~A2!

Now we demonstrate thath(X,Y) is always orthogonal to
M. SupposeX, Y, andZ are tangent toM and considerV’s
scalar product between vectors^,&5g(,). The product rule
for derivatives usingDX gives

^DXY,Z&5X^Y,Z&2^Y,DXZ&. ~A3!

A similar rearrangement using¹X gives the same expressio
with DX replaced by¹X . Combining the two expressions s
as to cancel the common termX^Y,Z&, and invoking Eqs.
~A1! and ~A2! yields

^h~X,Y!,Z&52^h~Z,X!,Y&. ~A4!

Hence, the trilinear form on the left changes sign unde
cyclic permutation ofX, Y, andZ. But three such permuta
tions restore the original order, which must then be the ne
tive of itself. Hence, it is zero, and thush(X,Y) is orthogonal
to M.

Let us state the consequences in tensor language by
posing that M has an adapted basisei ( i , j , . . .
51,2, . . . ,m). The full basis of V is ea (a,b, . . .
51,2, . . . ,d), where the firstm vectors are theei .

We define the coefficients of the connection one-forms
(V,g,D) by

Dea
eb5vab

g eg ~A5!

@this differs from the convention of Misner, Thorne, an
Wheeler~MTW! @29##. After a brief calculation we find tha
h(X,Y) can be written as

h~X,Y!52 (
a5m11

d

eav i j
a XiYj . ~A6!

We expand the basis of the co-space ofM in V in terms of
(d2m) mutually orthogonal unit normals toM, nâ , â5m̂

11̂, . . . ,d̂. There is a (d2m)3(d2m) nonsingular matrix

Ea
â such that

ea5 (
â5m̂11̂

d̂

Ea
ânâ , a5m11, . . . ,d. ~A7!

Hence, Eq.~A6! becomes
2-6



r-

re

ts

-

r.

,

t-

of

sic
ial
W
ffi-

EXTRINSIC CURVATURE AND THE EINSTEIN CONSTRAINTS PHYSICAL REVIEW D67, 044022 ~2003!
h~X,Y!52 (
a5m11

d

(
â5m̂11

d̂

nâ~Ea
âv i j

a !XiYj . ~A8!

The d2m extrinsic curvature tensorsKi j
â are defined by

Ki j
â 52 (

a5m11

d

Ea
âv i j

a . ~A9!

Equations~A9! and~A1! emphasize that the extrinsic cu
vature is related to transportparallel to the slice, a viewpoint
not present in a definition in terms of derivativesnormal to
the slice. But both definitions agree.

Now let g be Lorentzian,g Riemannian, andm5d21.
We are interested in the cased54, m53. In this caseM is
a hypersurface, which we take to bet5const. There is only
one extrinsic curvature tensorKi j . The spacetime metric is

g52N2dt21gi j ~dxi1b idt!~dxj1b jdt!, ~A10!

where N is the lapse andb i the shift. We choose the
‘‘Cauchy-adapted’’ coframe ua (a,b, . . . 50,1,2,3;
i , j , . . . 51,2,3):

u05dt, u i5dxi1b idt. ~A11!

The dual vector frame isea5]a , with

]05] t2b i] i , ] i5
]

]xi
. ~A12!

We use] to denote Pfaffian derivatives, some of which a
natural ~namely ] i5]/]xi and ] t5]/]t). In particular, the
spatial basis] i is natural, so that the connection coefficien
and Christoffel symbols ofgi j are equal.

For the hypersurfacet5const we find

¹XY2DXY52XiYj~v i j
0 e0!52XiYj~Nv i j

0 !n0̂ ,
~A13!

where we usede05Nn0̂ . v i j
0 can be evaluated by the for

mula

vbg
a 5Gbg

a 1
1

2
gad~Cdb

l ggl1Cdg
l gbl!1

1

2
Cbg

a ,

~A14!
e,

04402
where the structure coefficientsCbg
a are defined by

dua52
1

2
Cbg

a ub`ug, @ea ,eb#5Cab
g eg . ~A15!

In our frame, allCbg
a vanish exceptC0 j

i 52Cj 0
i 5] jb

i , and
one finds

Ki j [Ki j
0̂ 52Nv i j

0 52
1

2
N21~] t2Lb!gi j . ~A16!

Here,Lb is the spatial Lie derivative along the shift vecto
SinceLbgi j 5¹ib j1¹jb i with b i[gi j b

j , Eq. ~A16! gives

Ki j 52
1

2
N21~] tgi j 2¹ib j2¹jb i !. ~A17!

Rewriting Eq.~A17! gives

] tgi j 522NKi j 1¹ib j1¹jb i . ~A18!

If you prefer the opposite sign forKi j , as some authors do
simply change the sign ofh(X,Y) in its definition. Equations
~A17! and~A18! change sign when passing from the Loren
zian to the Riemannian~‘‘Euclidean’’! case for either choice
of the sign ofh(X,Y).

For completeness, we give all connection coefficients
the frame defined by Eqs.~A10!, ~A11! and ~A12!:

v00
0 5]0logN, v i j

0 52N21Ki j , ~A19!

v j 0
i 52NKj

i , v0 j
i 52NKj

i 1] jb
i , ~A20!

v i0
0 5v0i

0 5] i logN, v00
i 5Ngi j ] jN, ~A21!

v jk
i 5G jk

i . ~A22!

We have rewritten time derivatives in terms of the extrin
curvature;G jk

i denotes the Christoffel symbols of the spat
metric gi j . We note again that we do not use the MT
convention for the order of indices of the connection coe
cients. In our frame, this is significant only for Eq.~A20!.
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