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Extrinsic curvature and the Einstein constraints
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The Einstein initial-value equations in the extrinsic curvat{iamiltoniar) representation and conformal
thin sandwich(Lagrangian representation are brought into complete conformity by the use of a decomposition
of symmetric tensors which involves a weight function. In stationary spacetimes, there is a natural choice of the
weight function such that the transverse traceless part of the extrinsic curatucanonical momentum
vanishes.
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I. INTRODUCTION I
K'=A"+ §Tg'1 (2.9

In this paper we introduce a new decomposition of sym-
metric ten§orf] a_nq _alpplyl it to the_const;ucnon olf el)(tr_m_s'cwhereﬁj is traceless and':?:aijﬁj is the trace oKl
curvature in the initial-value equations of general relativity. 01104 the “mean curvature.” Note that here, and in the se-
Our results improve previous work that dealt with extr|n5|cque|’ overbars are used to distinguish spatial tensors from

curvature[1,2]. The new findings are consistent with the thejr conformally transformed counterparts. For example,
conformal thin sandwich equations, which involve no tensor—

. i =%, >0, whereg andg are both spatial metrics.
decompo§|t|on$3]. . L . %{Jantit?éjs with overbarsghave ghysical valurt)as.
. Thg thin sandwich and.extrlnsm curvature formula’glons The next step is to decompose the traceless symmetric
differ in whether the velocity or the momentum associated i . . . :
with the conformal spatial metric is specified. The corre-teNsorA” covariantly. _lee previous St“d"?s’ for_ example
sponding Lagrangian and Hamiltonian pictures of dynamic$4—6l, we attempt to find a covariantly defined divergence-
must certainly agree, and we find a clear and explicit form ofree part of A’ with zero trace. We want to stress that this
such agreement in our analysis. This would not occur withso-called “transverse-traceles§TT) part of K' (or A") is
out the presence of a weight function, which must be thenot unique There are infinitely many mathematically well-
lapse function, in the new decomposition. defined ways to extract such a piece of the original tensor,
The presence of the lapse function is also crucial for anfor example by varying the choice of a weight functiaee
other result of this decomposition: For stationary spacetimeszq. (2.2) below]. However, it is possible that by imposing
there is a natural way to choose the lapse function whiclyeometrical or physical requirementae can make the TT
results in avanishingtransverse traceless part of the extrinsicpart and the other parts unique.
curvature. We write A as a sum of a TT part and a weighted lon-
Finally, we extend the conformal thin sandwich equationsyjtudinal (vecton traceless part as follows:
by giving the velocityr of the mean curvature=TrK in
order to determine the lapse function. All :K¥T+;—1(Ey)ii (2.2)

where the inverse weight functian is a uniformly positive
and bounded scalar ofl: 0<e< o<, e=const. We de-
We will define and apply a new class of covariant decom-fine [4-6]

positions of the extrinsic curvature@f a three-dimensional 5

hypersur_face/\/l. IB should be noted_ that t_hey apply smy (L) = VY Vivi - Sgiv vk, 2.3
symmetric é) or (3) tensor forany dimensionm=3. Gen- 3

eralization tom> 3 is straightforwardthe casam=2 is spe- .
cial). The decompositions use the geometry/f, that is,  Wwhich is proportional to the Lie derivative with respectb
the metricaj and the derivativey, together with a positive 0f a unimodular inverse metric conformally related gb;

scalar functiono to be specified later. thus, take the Lie derivative didet(g,)]*°g"”. Expression

Given (M,g), we first remove the trace of the extrinsic (2-3) is zero forY'#0 if and only if Y" is a conformal Killing
vector of the metric, if such a symmetry exists. This also
suggests that if we make a conformal transformatgpn
—>¢‘4gij_: gij, ¢>0, then Y will not be conformally

"We give a general definition of extrinsic curvature in the appen-scaled:Y'—Y'. We will adopt this scaling rule below; be-

dix, which also details our conventions. See in particular E40)  cause of its simplicity, we omit overbars on vectors IiKe
and(A18). The decomposition is effected by solving fgt in

II. NEW TENSOR SPLITTINGS

curvatureK ' :
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Vio YLY)i]=VAl (2.4) From Egs. (2.6—-(2.10, we find, besides VAl
' ’ —p 1V AL =0
. = ATT— Y
and then setting _ B
. ) (LY)T= e~ *(LY)", (2.11
AlIJ'TEAIJ —o l(LY(sqution))” ) (2.9 . -
_ _ o {(LY)I=¢ o (LY)"].
where the giverr and the solution folY' are inserted. (2.12
The operator on the left side of EQR.4), (A_;Y)', is
similar to the vector LaplacianA( X)'=V;(LY)", which is
solvgble on compact manifolds apd on asymptotically fla..tﬁi:K¥T+;—1(Ey)ii:(p—1()[A¥T+ o HLY) 1= o~ 10A1,
manifolds, given certain asymptotic conditions. The condi-
. . . (2.13
tions needed are not onerous. Inserting the weight factor - )
leaves the operator in “divergence form,” and does not affec0 that the decompositid@.2) is preserved under conformal
the formal self-adjointness of the weighted vector Laplaciantransformations. The scaling’ = ¢~ °All is not postulated,
The calculation of self-adjointness is carried out in the natubut follows from Eqs(2.6)—(2.8). Furthermore,
ral measureug= \/Ed*"x. On the other hand, the two pieces o ) 1 )
of All in Eq. (2.2) are formally orthogonal in the positive K=o AL+ X (LY)1]+ §<P74g”7'- (214
measureuy ;= 0'\/6—d3X= o ug. ) )
Note that Eq(2.4) must be supplemented withboundary ~ We note that the conformal quantitiés; and o~ *(LY)"
conditionsin the case whereM is not compact without are orthogonal in the rescaled measure/g d3X=0',u,g
boundary and that the solution of E(R.4) and Al will =HMg,o-
depend on these boundary conditidi@$ This caveat about
boundary conditions is very serious in practice, where there 1. EINSTEIN CONSTRAINTS
may be excised regions o¥1, and whereM may have no
asymptotic region, though it models a space with Euclidean
asymptotic conditions. There is no uniqueness without”
boundary conditions. i 120 Tl
The conformal properties of the new splittings assigned ™ =(consygT(rg" —K™). @D
here are very important for application to the Einstein con-Therefore the present study is devoted to a construction of
straints, but they are also very interesting in themselves. quantities belonging to the canonical or Hamiltonian picture

Therefore,

The extrinsic curvatur&’l is uniquely related to the ca-
onical momentum

We take of dynamics, while the conformal thin sandwich equations
— - [3] belong to the velocity phase space or Lagrangian picture.
Alr=o 1AL, (260 Itis essential to understand the constraint®ath pictures,
o and the pictures must be geometrically and physically con-
Y=Y, (2.7)  sistent.

Elaboration of the constraints in vacuum

o=¢%. 2.8 S —
o=¢ 0 (2.8 Vj(rg”—K”)=0, (3.2
Transformations(2.6) and (2.7) should be familiar. We . _

adopted Eq(2.8) to obtain correct divergence relations in the K;;K'—7?~R=0, (3.9

sequel. It also maintains the correct transformations when we — o
seto=2N ando=2N in Sec. IV below where R is the “scalar curvature” or “trace of the Ricci

Next we useaj _ ‘P4gij with its concomitant transforma- [€NSOr of (M,q,V), is facilitated by displaying them as
tion rule

o _ _ _ VAl =§Ei 9, (3.4)
w=Tit20  (Soe+ 00— 095" d¢) (2.9
for the Christoffel symbols OEJ @d gij - If we were to KHE"— §T2_§:0_ (3.5
consider a general symmetric tengd¥ in three dimensions,
with aj = g049” , thenTl = T yields The for_m (3.4) and (3.5)_ of the constrai_nts i_s the bet_ter one
for beginning formulating the constraints in the thin sand-
ﬁj :<px[(VjT”)+(x+ 10)(d;log @)TH —2(d;log ) wich decompositipn or in the extrinsic curvature form.
. It has been pointed olt,8] that the standard transverse
X(g'gT]. (210 traceless tensor decompositits 6],
This shows Whylv_e choose=—10 in Eq.(2.6), as well as i E_ij = T _ T4 (Tl
the zero traceg;;Al=0. 39 (9T =T+ (LV) (3.6
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has the property that extracting the TT part of a symmetric  Next, recall tha@j = ¢*g;; implies[12]

tensor does not commute with conformal transformations:

Specifically, Eqs_(3.6), which is simply Eqs(2.1) and (2.2 R= Re *—8¢p SA¢p, (3.14

with the weighto~?® entirely ignored, produces parts which . ]

transform as Eq92.6) and(2.11) under conformal transfor- WhereR is the scalar curvature afj; . Equation(3.14) en-

mations. The two parts, therefore, do not transform alike. ables us to rewrite the scalar constrai@t) in transformed
The fact that Eqs(2.6) and (2.11) behave differently un-  Variables as

der conformal transformations leads to two inequivalent 1

— 1 . 1
methods of decomposing’’. What Isenberg9] has called Ap— gRe=- gAijA”(p_7+ 1—272<,05. (3.15
“Method A is first to transformA" conformally, then split it

with ¢ and o ignored, then transform the unbarred vector[We also used Eq2.13, which impIiesKij :‘P_ZAij ]
part with the “wrong” transformatior{using ¢ ~*° instead of
¢ * s0 as to scale its divergencdhis is discussed ifil]. IV. THE WEIGHT FUNCTION

“Method B” is, in effect, to split Al first, then transform AND THE LAPSE FUNCTION
conformally to obtain a slightly different, and more difficult, . ) L
form of the constraints2]. The existence ofwo methods of The extrmsu; curvature formulatlon' of the_ initial value
dealing with the extrinsic curvature using the old tensor splitProblem uses, in essence, the canonical variables. Further-
ting suggests that neither is the optimal method. The methognore, it depends only on the embeddiegcoded by;;) of
introduced here has no such ambiguity and can be regardede hypersurfaceX1,g) into the four-dimensional spacetime
as the resolutioriin the conformal framewopkof the initial  (V,g). It does not depend on the foliation or the time vector
value problem in the extrinsic curvature representation. /5t that is, lapseN and shiftg'. (This is well known but

We apply the splitting2.2) to the vector constrair8.4)..  .an still be a source of confusion. Therefore, we review the

After the conformal transformations, we obtain second fundamental form and the extrinsic curvature in the
5 Appendix) Such a statement cannot be made in the thin
Vj[o_fl(LB)ij]: §(P6Vi7_’ (3.7 sandwich formulation, where one is interested precisely in

the extension along curves tangenti@t.
Since the establishment of the canonical form of the ac-
where we used tion by Arnowitt, Deser, and MisnéADM ) [13], the shifts’
i Alj 1 i has been taken to be the undetermined multiplier of the mo-
Al=A7rto(LB)Y. (3.8 mentum(vecton constraint, while the lapse has been taken to
. . . . be the undetermined multiplier of the Hamiltoniéscalay
.Equ_atlon(3.7). Is the momehtum constraint. We \i’-v'” see that constraint. However, it has come to light that the lapse as a
it will determine B' onceo is chosen. The termAl; disap- multiplier must be replaced by thepse antidensitye, a
pears from the vector constraint. It is “freely specifiable” g-51ar of weight € 1) [14—17. This replacement is required
and can be determined by extracting the TT part of SOM&, ger that the canonical framework as a whole for Ein-
traceless symmetric tensQ’: steinian gravity makes complete sense, that is, that it works
i L o in the same way as for other physical systems that can be
Atr=Cl—oH(LV), (3:9  derived from an action principle. For technical details, see
[17,18. We are requiring essentially just that the “Hamil-
tonian vector field” be defined without reference to the con-
straints in the whole phase spaceg and 7’s.
That« andB' are undetermined multipliers of the vector

. , . T .. and scalar constraints means that they are both conformally
Thus C" supplies a “source” in the vector constraint . = = . .
invariant: «=« and B'=p'. But the invariance ofx has

4), which, if fing 10,1 . . o
(3.4), which, if we define(10,1 very interesting consequenc&¥hen the scalar constraint is
Xi=Bi—Vi (3.10 satisfied then upon examination of the ADM action, we see

that a=Ng~ Y2 Hence,a= a implies that

whereCl is freely given, as isr>0, andV' is then deter-
mined by solving an equation similar to E&.4). In this step
boundary conditions must be applied whan has bound-
aries, which will influencev' and Al

becomegin vacuunm

N=°N (4.0
L2 . .
-1 — 6 _ —
Vilo™ " (LX)"]= 3% Vir=ycl. (31D pecauseg?=o®gY2 Thus, the physical lapse is not quite
arbitrary for our purpose of solving the corEtraints. We have
From its solution we can construct a “trial” lapse N and a final physical lapsH that will be
. . L . determined byN and the solutiorp of the scalar constraint.
Al=C"+ o H(LX)" (3.12 Recall, that in studies of hyperbolic forms of the Einstein
- B evolution equations witlphysicalcharacteristic speeds, it is
=Alr+o Y(LB)". (3.13  also found that, notN is arbitrary(see, e.g.[19,20).
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From Eq.(4.1) we observe thail andN are related justas Where 8 is the shift, which, like the lapse antidensity

e _ N pa—12 ; ; g
wereo ando. Thus we have a natural geometrical choice: =Ng" " can be freely chosen. The shifectoris confor
mally invariant. Therefore,

ul=—(2Ng®) (¢ Al — ¢ [L(B-B)]" (4.9

o=2N, o=2N. (4.2)
__ 4 ij ij

The factors “2” are chosen for later convenience. As conse- = ¢ TONAHILB=ATD (419
quence of Eqs(4.2), N appears irAll andK'l. Before, how- =—¢@ *@NCI+[L(B-V-p5)]).
ever, we have noted thif! is independent of. But our use (4.1
of N Only determines thspllttlng of WJ, notﬁi itself. We see that three vectors en@h Bi, a gauge ChOiCE\/i,

Let us examine the consequences of the choléed.  \hich removes the longitudinal piece 6, andB', which
Constraints(3.11) and(3.15 become solves the vector constraint. Let us &t V/— =7/, By

the choice of shif3! =Bl -V}, we could rendeZ/=0. Then

o ) ul=—¢ 42NC") and u;;=—¢*2NC;;). Furthermore,
Vi[(2N) " H(LX)"]= §¢6V'T—Vjc”, (4.3  with the choicep'=B'—V/=XI, the constraint$3.11) and
(3.195 areidenticalto the constraint equations in the confor-
mal thin sandwich formalisniEgs. (14) and (15) of [3]],
1 1 1 provit_jed one identifies-2NC;; with the conformal metric
Ap— §R9": 1_272‘,05_ §,/_\iinJ o 7, (4.4  velocity uj;. B
(3) With «a(x,t) given, and N determined by «
=g 2N, we find thatN always obeys a generalized har-

whereA|; is given by Eq.(3.12 with (2N) replacingo. monic evolution,

Of course N itself is yet to be chosen. But we have sev-
eral remarkable automatic consequences of solving Egs.
(4.3) and (4.4) for X' and ¢, givena uniformly positiveN
and supposing is also uniformly positive. wheredo=d,— L.

(1) We have from Eq(4.2) and the conformal transforma-  The identificationo-= 2N still leaves us with the question
tion rules, that of how to choose a trial lapse function in a reasonable way.

In principle, any choice will do and we will know the geo-

doN+N27=Ndglog a, (4.12

. H H 8_ 6
Ali = AL+ (2N) " L(LLB) 4 metric meaning oN= ¢°N. _ _ o
rrt(2N)(LB) @9 The choiceN=1, for example, is allowed in the extrinsic
curvature representation. Indeéts= 1 would then give back

implies method A, but now that the behavior of the lapse function is
understood, it gives a correétg;; . It also tells usN= @°
A=A+ (2N) " Y(LB). (4.6)  =(g/g)"2 Another choice oN is discussed in Sec. VI be-
low.
The consequence is tthro and @B)ij are now orthogonal In picking the “true degreeETof freedom,” that is, the con-
in the measurepgﬁ:N—gl’zds’x: —gd3x, whereg is the formal class of the metric and;;", and the mean curvature

determinant of the physicadpacetimemetric. This is the 7, the lapse intervenes in pinpointi _‘ET. There are infi-

spacetime measur@part from “dt”), and soorthogonality ~ nitely many choices other thaN=1. This feature did not

is determined by the spacetime geometry/df, including  arise in previous studies of the extrinsic curvature picture;

the lapse function, embeddedh This result is independent but, on the other hand, those pictures do not in general fit the

of the method of determination . purely geometric construction of the conformal thin sand-
(2) Whatever the result fop, X', andN=°N, we can wich equations. In curved spacetime, the dynamical degrees

show consistency of the results with the conformal thin sand®f freedom in the Hamiltonian picture do not allow them-

wich equationg3]. Consider the traceless metric velocity selv_es to be identified without the f(_)liation peing inextrica-
bly involved. Another consequence is that time is not found

among the traditional canonical variables alone, even in gen-

_ — L= eral relativity.
Uijzﬁtgij_ggijg 99k (4.7
V. STATIONARY SPACETIMES
Using the evolution equatiofA18), as well as Eq(4.6), we Consider a stationary solution of Einstein’s equations with
find timelike Killing vectort. Given a spacelike hypersurfage

there is a preferred gauge such that the time vector of an

—i —— 4T i evolution onZ2 coincides witht, namelyﬁz—(n,t)g, B
ul=—2N[A7r+(2N)" ~(LB)"]+(LB)", (48 =1t wheren is the unit normal toS, and L is the

044022-4



EXTRINSIC CURVATURE AND THE EINSTEIN CONSTRAINTS PHYSICAL REVIEW [®7, 044022 (2003

projection operator int, (i,n)QZO. With this choice of close and as symmetric to each other as possible. However,
the conventional specificatio6.2) fails [21] while the con-
formal one(6.1) does not fail.

Thus, in the conformal thin sandwich problem, we also

lapse and shiftg;; and K;; will be independent of time.
Using 4,9;;=0 in Eq. (A17) yields

1 give
Kij=-=(V8;+V,8), (5.9) . _
2N f[B;t,x]=dor= 07— B'd;T (6.3
with 8;=g;; 8. The tracefree part of this equation implies AN+ (Rt DN 64
=—- +(R+ 7 .
-1 —
A”:ﬁ([‘ﬂ)”- (52 which is an Einstein equation o, convintionally re-

garded as an equation fafg2 (Note thats,gV/>~ 7 is not

Thereforewith the appropriate weight facter=2N as con- & constraint; it is an identity, part of the definition of extrinsic
structed above, the extrinsic curvatui22) hasno trans-  curvature[cf. Eq. (A18)].) We are turning the equation of
verse traceless pieder any spacelike slice in any spacetime motion for g2 into a constraint. This is an old “trick;"r

with a timelike Killing vector® A transverse-traceless decom- = 7= is maximal slicing 12], whereasr and 7 constant in
position of Al without the weight factor, however, will in space(but allowing changes in times constant mean cur-
general lead to a nonzero transverse traceless piece. This Wagure slicing22]. Also, 7=0 is used during construction of
previously a puzzle. The TT part is generally identified with quasiequilibrium initial datésee e.g[23—25 and references
the dynamical degrees of freedom. Therefore the radiativg, [11]). However, now it is clear that specification ofis
aspect of a stationarfor statio spacetime should be mani- fundamentally linked to the initial value problem.

festly zero on a natural slicing associated with the timelike \ye saw in the previous section that the choice of slicing
Killing vector. The absence of this property for stationary, ,—

nonstatic, spacetimes with previous decompositions was %E tﬁe passing of tw_n)eenters mtg_ thecon_strucﬂonpf the
serious weakness. (9ij ,Kj;) representation. In addition, this “Hamiltonian”

These considerations provide an independent argumef@Presentation is consistent with the “Lagrangian” confor-
for the introduction of the weight function in E¢.2), and  Mal thin sandwich picture. Hence we can adopt ) for

the identification ofo- with the lapse function in Eq4.2). the (g;; .Kj;) representation as well. In other representations
of the extrinsic curvature in this problefmethods A and B

V. A GEOMETRICAL CHOICE OF N AND N-: there is noN; and.the construction has nothing to say abput

THE CONFORMAL THIN SANDWICH VIEWPOINT the passage of time. One does not move forward in time

without an extra equation to give. Recalld7P°P)dt=N,
The conformal thin sandwich equatioi8] specify freely  \yhere 7P™P) is a local Cauchy observer’s proper time and
(1) a conformal metrig;; and its velocitys;g;; =g;; , and(2)  is the coordinate time.
the mean curvature. The lapseN is ¢®N with N still adrift. Using the scalar constrairi8.3) in Eq. (6.4) yields [see
But there is a definitive solution for fixing\: The mean ©.9. Eq.(98) of [1]]
curvature has become a configuration variable, for which a

value and a velocity need to be specified; as one must specify L i o | a3 1,
g;; andits velocity g;;, by analogy one can give the mean flB:t.x]=—AN+K; = AN+ AjAT+ 37N
curvaturer andits velocity ;7= 7. This will determine both (6.9
N andN.
The specification Conformal transformation of the Laplacian is carried out by
expressing it as
(9ij ,9ij i 7. 7) (6.1
ANl V=291 1241] 5 (.
has the samaumberof variables as the conventional choice AC)=g"Talgglg(-)]. ©.6
— = TR Preliminarily, we find
(i ,9i)) = (gij ,gi; :9*%. 9. (6.2 Y
Furthermoreg'? and r arecanonically conjugatéapart from f(Bt.x]1=—¢ *A(Ne®) — 207 °(Vie)[V'(N¢®)]
an irrelevant constaptso that Eqs(6.1) and (6.2 are as ) 1
+ AijA'J(pflz—l— 57’2)(szs). (6.7

2A similar argument is applicable in the ergosphere of a Kerr o
black hole; however, one must be more careful with the choic of To proceed, we use the scalar constraint in conformal form,
relative tot. Eq. (3.15), to eliminateA ¢ and find
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AN- EA”A”@—B—%72¢4—;R—42(Vi|og¢)2 N NOCI=RA=DY (A
_ _ The purpose of the second fundamental fasrto discrimi-
+14ViN)(Vilog @) + ¢~ 2(9;7— B'9;7)=0, (6.8 nate between parallel transport of a vectaalong the direc-
tion of a vectorX in the (V,g,D) connection and in the
where 7(t,x) is given. (M,q,V) connection, when botK andY are tangent to\.
Equation(6.9) is a fifth elliptic equation, coupled to the This is defined without reference to surfaces nédror a
others, that is required for the completeness of the conformdbliation. It tells us from the viewpoint o¥, whether, say,
thin sandwich equations and is also natural in the extrinsi¢the geodesics aM also appear “straight” in).
curvature representation given here. Zero torsion in the Levi-Civita connectiori3 andV im-
[Though the four conventional thin sandwich equationsplies
do not work, it is interesting that in the Baierlein-Sharp-
Wheeler (BSW) treatment[26], there is an implicit fifth h(X,Y)=h(Y,X). (A2)
equation. Differentiation of the second order equation for the )
shift, with a given lapse, produces a first ordeot a third Now we demonstrate that(X,Y) is always orthogonal to

order, equation: an integrability condition. This was discov-M. SupposeX, Y, andZ are tangent to\f and consided’s
ered by Pereirf27].] scalar product between vectafs =g(,). The product rule

for derivatives usin@y gives

VII. CONCLUSION (DxY,Z)y=X({Y,Z)—(Y,DyZ). (A3)

By a simple tensor decomposition, one can bring the con-

straint equations in the extrinsic curvature form into geo-~ Similar rearrangement usirig gives the same expression

metrical and mathematical conformity with the conformal With Dx replaced byVy. Combining the two expressions so
thin sandwich equations whe is arbitrary in both sets of &S 0 cancel the common terf(Y,Z), and invoking Egs.
equations. This statement remains trudifs fixed by the (A1) and(A2) yields

same method in both formulations.

The conformal thin sandwich equations wittixed form
an elliptic system whose general properties remain to bgjence, the trilinear form on the left changes sign under a
studied. We expect that it is a solvable, solid, system Progyclic permutation ofX, Y, andZ. But three such permuta-
vided that7 and = do not vary wildly. tions restore the original order, which must then be the nega-

A natural choice ofN in stationary spacetimes has beentive of itself. Hence, itis zero, and thaigX,Y) is orthogonal

seen to render the transverse traceless palﬁjotero. The M. .
most striking result of the present analysis is the inextricable L€t US state the consequences in tensor language by sup-

relation of time, represented by or , and space, repre- posing that M has an adapted basig; (i, ...

) . =1,2,...m). The full basis of V is e, (a,B8, ...
sented by the four constraint equations. =12 ...d), where the firsm vectors are the, .

We define the coefficients of the connection one-forms of
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De 5= w)gey (A5)

this differs from the convention of Misner, Thorne, and
Wheeler(MTW) [29]]. After a brief calculation we find that
%(X,Y) can be written as

d
h(X,Y)=— _EH e XY, (A6)
APPENDIX: SECOND FUNDAMENTAL FORM a=m

AND EXTRINSIC CURVATURE We expand the basis of the co-spaceMdfin V in terms of

Let M be an mdimensional surface embedded in a(d—m) mutually orthogonal unit normals t81, n;, a=m
d-dimensional ambient spaceé (we do not assume tha 117 . d. Thereis a d—m) < (d—m) nonsingular matrix
=m+1). LetV be endowed with a Riemannian or Lorentz- g2
. . . P ; such that
ian metricg and corresponding Levi-Civita connectid, @
while M inherits a Riemannian metrig and connectiorV. 3

Let X andY be vectors inV that are tangent ta1. The _ an- _
first fundamental form of\ for X andY is g(X,Y), while Ca™. E  Eana, a=mtl...d (A7)
the second fundamental form @# with respect toX andY
is the vector[28] Hence, Eq(A6) becomes

a=m+1
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EXTRINSIC CURVATURE AND THE EINSTEIN CONSTRAINTS

d d
hX,Y)=— > 2 na(Elol)XY.  (A8)
a=m+la_m+1
The d—m extrinsic curvature tensoﬁsig} are defined by

d
Ki=— X Elof. (A9)

a=m+1

EquationgA9) and(Al) emphasize that the extrinsic cur-
vature is related to transpgsarallel to the slice, a viewpoint
not present in a definition in terms of derivativesrmal to
the slice. But both definitions agree.

Now let g be Lorentziang Riemannian, anan=d—1.
We are interested in the cade=4, m=3. In this caseM is
a hypersurface, which we take to be const. There is only
one extrinsic curvature tensél; . The spacetime metric is

g=—N2dt?+g;;(dX + g'dt)(dx + gldt), (A10)

where N is the lapse andd' the shift. We choose the
“Cauchy-adapted” coframe 6¢ («,B,...=0,1,2,3;
ij,...=1,2,3):

°=dt, ¢'=dx'+g'dt. (A11)
The dual vector frame is,=d,, with
_ d
do=—=p'd%, dh=—. (A12)
X

We used to denote Pfaffian derivatives, some of which are

natural (namely d;= d/9x' and 3,=dldt). In particular, the

spatial basig); is natural, so that the connection coefficients

and Christoffel symbols of;; are equal.
For the hypersurface= const we find
VY —DyY=—-XY!(wfeg) =~ XY(Nwf)ns,
(A13)

where we use@,=Nn;. o’

ij can be evaluated by the for-
mula

=T% +=g*(C} +CA +=C
Wy~ 1 By 29 ( 59 5ygﬁx) 2 =By
(A14)
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where the structure coefficien®;,, are defined by

N 1

de —chyeﬁ/\m, [e..es]=Clze,. (Al5)

a : i __ g
In our frame, allCy,, vanish excepCq;= —Cjo=9;4', and
one finds

; 1
Kij=Kj=—Noj=— N3~ L)y .

1==3 (A16)

Here, L is the spatial Lie derivative along the shift vector.
Since Lggi;=ViB;+V;Bi with Bi=g;; ', Eq. (A16) gives

1
Kij=— ENil(atgij_ViBj_VjBi)- (A17)
Rewriting Eqg.(A17) gives
09ij = —2NK;; + Vi3 +V; B; . (A18)

If you prefer the opposite sign fdf;;, as some authors do,
simply change the sign &f(X,Y) in its definition. Equations
(A17) and(A18) change sign when passing from the Lorent-
zian to the RiemanniatfEuclidean”) case for either choice
of the sign ofh(X,Y).

For completeness, we give all connection coefficients of
the frame defined by Eq$A10), (A1l) and(Al12):

wgo=dologN, wf=—-N"'Kj, (A19)
wjo=—NK], wy=—NK+3,8', (A20)
o=l =dlogN, wy=NgldN, (A21)

oj =T (A22)

We have rewritten time derivatives in terms of the extrinsic
curvature;l“}k denotes the Christoffel symbols of the spatial
metric g;; . We note again that we do not use the MTW
convention for the order of indices of the connection coeffi-
cients. In our frame, this is significant only for E@\20).
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